The possibility of controlling Fano lineshapes in the electronic transmission is addressed in terms of a simple discrete model within a tight binding framework, in which a finite sized ordered chain is coupled from one side to an infinite linear chain (the 'backbone') at one lattice point. It is found that, the profile of Fano resonance is strongly influenced by the presence of impurity atoms in the backbone. We specifically discuss the case with just two substitutional impurities sitting in the otherwise ordered backbone. Precise analytical formulae relating the locations of these impurities to the size of the side coupled chain have been presented. The nature of the transmission spectrum and the reversal of the pole-zero structures in the Fano resonance are discussed with the help of these formulae.
Introduction
The Fano resonance usually refers to a sharp asymmetric profile in the transmission or absorption spectrum and, is common to many physical systems including the absorption of light by atomic systems [1] , AharonovBohm interferometers [2] - [3] , quantum dots [4] - [6] , propagation of light through photonic crystal waveguides [7] - [9] . A Fano profile in the transmission (absorption) spectrum is caused by the formation of a discrete energy level in a continuum, and there is interaction between the two. A defect present in the system is capable of creating such a discrete level. It also provides additional paths in the wave scattering [10] . The resulting constructive or destructive interference gives rise to either perfect transmission or complete reflection producing a sharp asymmetric lineshape. Fano [1] derived this lineshape as,
where, ǫ = (E − E R )/(Γ/2) with E R being the 'resonance energy' and Γ the line width. η is the asymmetry parameter.
In recent times, it has been demonstrated that, simple discrete lattice models with side coupled impurities also exhibit Fano profiles in the transmission spectrum [11] - [12] . Discrete models are important, particularly in the context of commendable advancement of miniaturization techniques, as in many cases they serve the purpose of understanding some salient features of electronic transport in mesoscopic systems. For example, the electronic transmission through a non-interacting tight binding chain with an interacting side coupled quantum dot was examined by Torio et al [13] to investigate the Kondo resonance and Fano anti-resonances in the transport through wire attached to a quantum dot at one lattice point by a simple discrete tight binding hamiltonian and studied the dynamics of electron transport. Fano resonances and Dicke effect [15] in quantum wire with side coupled quantum dots have been studied, again within a tight binding formalism and independent electron approximation, by Guevara et al [16] and Orellana et al [17] . Interestingly, Papadopoulos et al [18] have addressed the possibility of controlling electron transport through Fano resonances in molecular wires using a first principles approach. Once again, the generic features of the transport properties have been captured with the help of a discrete lattice model.
The simplest model which describes the essential features of the coupling between a discrete state and a continuum is the Fano-Anderson model [19] . In such a model, one takes a one dimensional ordered lattice and fixes, from one side, a 'hanging' impurity, which may consist of a single atomic site [11] or a chain with multiple sites [12] . The system is described by a tight binding hamiltonian, and the role of the 'coupling' between the continuum and the discrete levels is played by the hopping integral connecting the ordered backbone and the first site of the defect system. Such a linear chain with a side coupled defect was addressed earlier [20] , but the focus was to understand the effect of such a 'geometrical defect' on the electronic spectrum and localization properties. Recently, the transmission profile has been examined [21] when the defect chain is a quasiperiodic Fibonacci lattice, which offers a multifractal Cantor set spectrum as the chain length becomes infinity. The transmission windows have been found to be punctuated by zeros of transmission, the distribution resembling a self similar fractal as the attached quasiperiodic defect chain becomes larger and larger.
A very interesting feature in the transmission spec-or a chain of atoms [12] is a swapping of the peak-dip (pole-zero) profile of the Fano resonance at special values of the energy of the electron. In a discrete model, the swapping is found to be associated with the presence of an additional defect (apart from the side coupled one) in the ordered backbone. This additional defect may be a single substitutional impurity sitting 'on' the backbone [12] , or another chain of atoms connected to a different lattice point [21] . The important thing here is that, the swapping of the peak-dip profile can be controlled by adjusting the number of atoms in the ordered backbone which separate the hanging Fano defect chain from the impurity [21] . That is, the control parameter here is a discrete variable in contrast to previous studies [22] - [23] where one had to vary continuous parameters such as the strength of the impurity potential or the magnetic field to see such an effect. The significance of such swapping has already been appreciated in the literature [24] . For example, if similar reversal of peak position happens even with a magnetic impurity, then the transmission peak of the spin 'up' (down) electron may coincide with the transmission zero of the spin 'down' (up) electron, making the system behave as a spin filter. Incidentally, a tight binding model of a quantum wire with an attached ring has been proposed as a model of a spin filter [25] and another discrete T -stub structure has very recently been examined as a potential candidate for a spin-splitting device [26] . In this context, the possibility of controlling the Fano profiles by placing impurities on the backbone becomes an interesting issue. This important aspect has received very little attention, specially in the context of a discrete lattice model. This precisely is the idea which motivates us to look deeper into the problem of tuning Fano lineshapes in a discrete lattice model. In this communication, we present the first step taken by us to look into the effect of placing more than one impurity in the ordered backbone on the transmission lineshapes. Secondly, we examine carefully whether there is a correlation between the 'size' of the side coupled Fano-Anderson (FA) defect and the separation between the impurities on the ordered backbone. These aspects may turn out to be important in gaining control over the Fano profiles in the transmission, particularly, over a possible reversal of the peak-dip profile.
We get extremely interesting results. In this paper we present analytical results with just two impurities sitting symmetrically on the backbone N sites away from the lattice point at which the defect chain of n sites is side attached (Fig.1 ). We show, that there is a definite correlation between the numbers N and n which controls the transmission spectrum in a completely predictable way. This is also intimately connected to the signs of the impurity potentials. We provide a prescription to predict the principal features of the transmission spectrum and the possibility of securing a full control over the reversal of the peak-dip structures. This aspect, to the best of 000 000 000 000 111 111 111 111 00 00 00 00 11 11 11 11 000 111 0000 1111 00 11 00 11 00 11 000 111 00 11 00 11 00 11 0000 1111 000 111 follows, we describe the model and the method in section 2. Sections 3 and 4 contain the results and the discussion and, in section 5 we draw conclusions.
The Model and the method
Let us refer to Fig.1 . The backbone (model quantum wire) consists of periodically placed identical sites (open circles) excepting two 'impurities' (solid black circle), each being separated from the zeroth site by N sites of the ordered chain. At the zeroth site of the backbone a n-site Fano-Anderson (FA) chain is attached, which we shall refer to as the FA defect. Beyond the impurities (black circles on the backbone), the remaining portions of the backbone serve as the 'leads' along which an electron enters the system, and leaves it as well. The FA defect plays the role of a resonant cavity sustaining standing waves [11] . In one of the first papers on similar problems, the influence of a grafted stub in a quantum wire in obtaining Fano resonance was discussed earlier, using the continuous version of the Schrödinger equation by Tekman and Bagwell [27] .
The Hamiltonian of the system, in the standard tight binding form, is written as,
where,
In the above, c † (c) and d † (d) represent the creation (annihilation) operators for the wire and the defect respec-are, ǫ i = µ L for the left (L) impurity, and ǫ i = µ R for the right (R) impurity, and ǫ i = ǫ 0 for the rest of the chain, as well as for every site of the FA defect. t 0 is the constant hopping integral in the periodic array of sites, which is our 'wire'. For all the results in this paper we assign the same hopping integral t 0 among the sites in the bulk of the FA defect. The first site of the FA defect is coupled to the zeroth site of the backbone via a hopping integral λ. So, λ is the 'interaction' which locally couples the two subsystems, viz, the periodic chain, and the dangling defect. If we decouple the two, the spectrum of the periodic quantum wire is absolutely continuous, the band extending from ǫ 0 − 2t 0 to ǫ 0 + 2t 0 . The dispersion relation is E = ǫ 0 + 2t 0 cos qa, a representing the lattice spacing. With non-zero λ it is not right to view the two subsystems separately. In this case, the defect chain may be looked upon as a single impurity with a complicated internal structure and located at a single site marked 'zero' in the backbone (Fig.1) . Therefore, while examining the transmission across the impurity, one has to be careful to adjudge whether the concerned energy really belongs to the spectrum of the entire system, that is, the ordered backbone plus the FA defect.
To calculate the electronic transmission across such a system, we first of all 'wrap' the hanging FA defect to create an effective defect site with an energy dependent on site potential ǫ * at the lattice point marked zero. This is easily done by making use of the set of difference equations
for all sites of the FA defect chain with 2 ≤ j ≤ n − 1 corresponding to the middle equation, and then eliminating all the individual amplitudes ψ j with j = 1 to n sequentially in terms of the site number zero in the backbone. Using this decimation renormalization method [21] , [28] , the effective (renormalized) on site potential ǫ * at the zeroth site of the backbone is given by,
for n ≥ 2. Here, x = (E − ǫ 0 )/2t 0 and U n (x) is the nth order Chebyshev polynomial of the second kind. The problem is now reduced to the calculation of transmission across a linear array of three impurities with on-site potentials µ L , ǫ * and µ R occupying lattice coordinates −N , 0 and N respectively. The result is, T = |τ 2 | (7) with the transmission 'amplitude' τ given by [29] ,
Here,
and, q and a are the wave vector and the lattice spacing respectively. We shall take a = 1 in all the calculations which follow. θ(q, N ) is a phase factor, whose explicit form is not displayed as it will not be needed for our purpose. M ij are the elements of the transfer matrix,
and,
Results and discussion
The general features of the transmission spectra for
To justify the spirit of this work, we discuss specifically results when the FA defect is just a single atom. The extension to the cases of multi-atom FA defect is trivial, only difference is that then we have more than one energy at which the reversal of the peak-dip profile takes place.
The repulsive impurity: µ > 0
With just one atom as FA defect (n = 1), at E = ǫ 0 , we get ǫ * = ∞ resulting in T = 0, an anti-resonance. The spectrum for N = 1, 2 and 3, has been shown in Fig.2 . The peak-dip (pole-zero) structure in the spectrum and its reversal with N is clear at the anti-resonance energy. N , we expand τ in Eq.(8) around E = ǫ 0 by setting E = ǫ 0 + δ, and drop terms smaller than those of the order of δ. The result, apart from the trivial phase factor in Eq. (8) , is,
We have set ∆ = ǫ 0 − µ. All the quantities F , G, H, and K, and the wave vector q have to be evaluated at the δ-case where ǫ 0 = 0 and µ = +1.
The expression of the transmission amplitude reveals that the zero of transmission is at δ = 0, while the real part in the denominator becomes zero when δ = −G(N )/F (N ). Thus the locations of the two zeros are different. Similar observations were made earlier in the case of a mesoscopic two-lead ring [24] . These detuned but concomitant zeros result in a non zero asymmetry parameter and an asymmetric Fano lineshape [30] at E = ǫ 0 . The interesting fact about the ratio G(N )/F (N ) is that, it flips sign as N changes. This results in a swapping of the peak-dip profile. For example, when G(N )/F (N ) < 0, then the peak of the transmission follows the dip. On the other hand, for G(N )/F (N ) > 0, the peak precedes the dip. This precisely happens in Fig.2 , where the peak→dip structure for N = 1 is reversed into a dip→peak one for N = 2 at E = ǫ 0 . The profile of Fano resonance is of course restored as N is increased to the value 3. The sign-flip continues with N increasing sequentially (an odd-even effect in terms of N ), as can be checked by calculating G(N )/F (N ) for successive values of N , with n = 1. It is also apparent that, apart from the sharp Fano resonance at E = ǫ 0 , there will be other transmission peaks arising out of the typical Fabry-Perot type interference effects as the incoming wave interferes constructively in between the impurity sites.
With µ = −1, the entire spectrum is a mirror image (with respect to the centre of the spectrum) of Fig.2 . So, we move on to the next non-trivial case.
One attractive and one repulsive impurity:
We now discuss the case when the on-site potentials of the left and the right impurities are equal in magnitude, but opposite in sign. That is, ∆ has the same magnitude for the left and right impurities. Only the sign of ∆ is opposite for them. In this case, an expansion of the transmission amplitude around E = ǫ 0 as done earlier leads to the result (again dropping the unimportant phase factor),
It is obvious that the zero of transmission occurs again at δ = 0, while the possibility of a peak-dip reversal is there if the ratio Φ(N )/Θ(N ) flips sign as N changes. Here, in this case, it can be verified that the ratio Φ(N )/Θ(N ) does not change sign as N increases. This implies, a swapping of the peak-dip profile of the Fano resonance at E = ǫ 0 is not possible in this case. fixed sign of δ. In addition to this, it is to be appreciated that the ratio Φ(N )/Θ(N ) is independent of ∆, and yields identical values for E − ǫ 0 = ±δ. This explains the completely symmetrical pattern in the transmission coefficient immediately around E = ǫ 0 in Fig.3 . In fact, the entire spectrum in this case is symmetric around the centre, i.e. around E = ǫ 0 , a fact that of course, is due to the same choice of the value of the on-site potential for the FA defect and the backbone (except the impurities).
4. More atoms in the FA defect: correlation between 'N ' and 'n'
We now turn to the cases when one has got more atoms in the FA defect. The basic question we ask is that, whether the swapping of the zero-pole structure in the Fano profile remains a generic feature of the transmission, independent of N and n . Now we shall have n eigenvalues for an n-site FA defect at which the transmission coefficient vanishes. One has to do the exercise outlined in the previous section for each of these eigenvalues, which is not difficult, but tiring. Instead, we present results of systematic evaluation of T for several such cases, from which we have been able to work out the precise criterion for the existence of a reversal of the sharp asymmetry in the peak-dip profile. The formulae have been numerically checked by changing N and n at our will and have been verified analytically for small values of N and n. The formulae are found consistent with the transmission spectra for all (N, n) combinations we examined.
We begin with n = 2 and only discuss the case when the left and the right impurities have the same magnitude, but opposite sign. That is, we have a repulsive and an attractive potential sitting as impurities on the backbone. We also set the FA defect-wire coupling at a relatively small value to make the asymmetric jumps in the spectrum sharp. The two atoms in the FA defect have the same on site potential ǫ 0 and the hopping integral is t 0 everywhere. While in all cases the spectrum is mirror symmetric around E = ǫ 0 with a transmission zero showing up at the centre of the spectrum, we observe remarkable changes at other parts of the spectrum as N is changed sequentially. This is illustrated in Fig.4 for a weak FA defect-wire coupling λ. For N = 1, two sharp asymmetric Fano resonances are observed at E = ǫ 0 ± t 0 which are the eigenvalues of an isolated two-atom chain. A dippeak structure appears at E = ǫ 0 − t 0 , while a peak-dip profile is seen at E = ǫ 0 + t 0 . With N = 2, the asymmetric Fano lineshapes at E = ǫ 0 ± t 0 totally disappear and are replaced by almost symmetric anti-resonances. We use the word 'almost' because with smaller values of λ, the transmission anti-resonances become more and more symmetric looking, while with increasing λ, the width of the anti-resonance increases, and the Fano anti-resonance deviates from a symmetric appearance as we move away from the special energies. The overall mirror symmetry we restore the asymmetric structure in the transmission spectrum around E = ǫ 0 ± t 0 , but now, remarkably, the sharp peak-dip profiles are found swapped with respect to the N = 1 case. In this way, with n = 2, we have checked that there is no swapping of the transmission profile (this is important to appreciate) if we set N = 2, 5, 8 etc, though the symmetric look of the transmission anti-resonances are controlled by the strength of the coupling λ. Reversal of the peak-dip profile occurs for other values of N . In Fig.5 we present results for n = 5. At E = ǫ 0 ± t 0 and E = ǫ 0 ± √ 3t 0 , we find sharp asymmetric (a) For even number of atoms n in the FA defect, the transmission spectrum will exhibit no asymmetric peak-that,
with n = 2, 4, 6, etc., and l = 1, 2, 3, ....
(b) When n is odd, the formula is,
for n ≥ 3 and l again being equal to 1, 2, 3, etc.
Before ending this section, we would like to mention that we have also investigated other combinations of (N, n) and the their interplay with the signs and the magnitudes of the impurity potential µ. Results indicate the presence of both symmetric and asymmetric Fano lineshapes in the transmission spectrum in general. The reversal of peak-dip structure takes place as N changes sequentially. For example, with µ L = µ R = µ > 0, and n = 2, the spectrum consists of a sharp asymmetric Fano anti-resonance with a dip-peak (zero-pole) jump at E = ǫ 0 − t 0 and a symmetric transmission zero at E = ǫ + t 0 if we start with N = 1. With N = 2, the spectrum exhibits only asymmetric profiles at the two above energies, with the earlier dip-peak shape at E = ǫ − t 0 being swapped into a peak-dip structure. The symmetric lineshape at E = ǫ 0 + t 0 is now replaced by an asymmetric peak-dip drop. The spectrum is not symmetric on the whole around the centre, i.e. around E = ǫ 0 . Such variations have been studied with supporting analytical formulae for various combinations of N , n and µ. However, we do not show every such case separately to save space.
Conclusions
In conclusion, we have examined the occurrence of Fano lineshapes in a discrete model within a tight binding framework using analytical and numerical methods. We have shown that by placing more than one substitutional impurity in the backbone lattice we can control the Fano lineshapes in a completely predictable way. We provide exact formulae which guide us to choose appropriate combination of the placement of the impurities and the size of the side coupled Fano defect for which we either retain, or get rid of the swapping of the asymmetric Fano profiles in the transmission spectrum. Two specific cases have been presented to explain our idea. This simple model may help in choosing an appropriate combination of the defect's size and the impurity-locations in a quantum wire to gain control over resonance lineshapes. It would be interesting to see if similar lineshapes are observed if one incorporates spin in such discrete models, discrete models may not be a remote possibility. Work in this direction is currently in progress.
